Abstract-A matrix method which is applicable to an arbitrary potential variation represented by a set of linear functions such as multiple quantum well structures in the presence of a static electric field is described. An analytical expression for the mean lifetime of the quasibound state of a single quantum well in the presence of a static electric field is obtained.
INTRODUCTION E
'J RECENT years there has been considerable interest n quantum well structures (see, e.g., [1] ). In a recent paper [2] , a novel numerical technique which allowed straightforward determination of bound state and quasibound state energy eigenvalues (and mean lifetimes of the latter) for arbitrary one-dimensional potentials was presented. As detailed in [2] , the method involved the division of the potential energy profile into a large number of steps (see Fig. 1 ) and then employed the matrix method for the evaluation of the fields. Although the method is quite general, one has to employ a large number of steps to obtain good convergence.
In the presence of an electric field F along the x direction, the potential energy of an electrical charge in the quantum well shown in Fig. 1 is given by V(x) = eFx for \x < a -V o + eFx for JC | > a where e represents the electric charge of the carrier. Exact numerical calculations of quasi-bound states of such a structure (an isolated quantum well with uniform electric field) have been reported earlier (see, e.g., [3] and [4] ). In this paper we use the exact solution of the Schrodinger equation for a linear potential energy function and thereby obtain an analytical expression for the mean lifetime. It is not necessary to use the staircase approximation and therefore the computational problem encountered in [2] does not arise. Furthermore, we can replace an arbitrary potential variation by a set of linear functions and develop a matrix method; this would converge much faster than the staircase approximation. 
•.
The solutions of (2) are the Airy functions Ai(z t ) and Bi(z,) (see, e.g., [3] and [5] ) and we may write
The asymptotic forms of the Airy functions are
Ai(-z)
and where
Thus the Bi function will tend to oo as x (and hence z,) tends to +oo. We must, therefore, put D 3 = 0. In a similar manner, we may write the solution of the Schrodinger equation in region II:
where
Continuity of the wave function and its derivative at x = a gives
where 2meF '\ and we have used the fact that the Wronskian Ai( 7 )Bi'( 7 ) -Ai'( 7 )Bi( 7 ) = 1/TT.
(16)
Equations (12)- (15) show that the coefficients C u D u C 2 , and D 2 will be proportional to C 3 . Since the wave function 4>{x) [see (1) ] will be arbitrary within a multiplicative constant, we may assume hereafter C 3 = 1 without any loss of generality.
Now, x = -X\ = -(V o -E)/eFrepresents the turning point where Z\ = 0. Referring to Fig. 1 , in the domain -Xi < x < -a, Z\ is positive and decreases to zero at x = -JCJ . It eventually becomes negative in the region x < -X\. From the properties of the Airy functions (see [5] ), we can deduce that in the domain -X\ < x < -a, Ai (z\) will increase and Bi^) will decrease monotonically as x decreases below x = -a. For the quasi-bound state (see [2] and [6] )
This will give the energy eigenvalues for the quasi-bound state
(20)
Equations (15) and (19) yield
For £ near £ r , C, can be expanded in a Taylor series,
If we use (7) and (9), we find that the asymptotic solution in the domain x < -x { is oscillatory and the amplitude is proportional to Similarly (c! + is proportional to the amplitude of the oscillatory solution in region II. Thus, as in [6] , we calculate the ratio
in the neighborhood of the resonance and show that it is a Lorentzian, the width of which directly gives the mean lifetime. The calculation is simple: -Ai(S)Ai ( 7 ) • (Ai(5)Bi( 7 ) -Ai' i( 7 )} (27)
giving the following analytical expression for the mean lifetime:
RESULTS
We have carried out numerical calculations for a conduction electron with an effective mass m = 0.067 m 0 in a finite quantum well of depth V o = 0.4 eV and of 3 nm width. The results are given in Table I . This corresponds to the quantum well structure reported in [2] . For these parameters only a single bound state exists in the absence of an applied electric field (F = 0). The value of E for this bound state is 178.27 meV (see [2] ). The wave function corresponding to the quasi-bound state for applied electric field of 500 kV/cm is shown in Fig. 2 . The wave function shows an oscillatory behavior outside the well and the peak of the wave function is shifted to x > 0.
Although we have presented here calculations only for a single quantum well, Appendix B describes the matrix method analysis which can easily be applied to arbitrarily graded, multiple quantum well structures.
CONCLUSIONS
In summary, we have been able to perform a rigorous calculation of the quasi-bound state energy eigenvalue and the corresponding mean lifetime for a simple quantum well structure and analytical expressions for these quantities have been obtained. The analysis has been used to develop a matrix method which should aid in the study of multiple quantum well structures in the presence of a static electric field.
The present matrix method has several advantages over the one reported in [2] , as follows. • 1) The number of steps (regions) in this method is N, while in the previous method it will be many times more. Typically, 100 steps were required in a single quantum well while we require only three regions here.
• 2) Even if the potential energy varies linearly in each region, in the older method its representation is approximate, and the last region N must be truncated, which may lead to convergence problems. In the present method the representation of the potential energy function is exact as far as it is linear and there is no necessity for truncating the last region.
• 3) In the old method we have to introduce an artificial region on the left side of potential < V min and truncate the first region at some distance d. The calculations are repeated for several values of d until the results converge for some large value of d. There is no necessity of such repeated calculations in the present method.
• 4) For a multiple quantum well structure we have to determine the ratio
for each quantum well while in the present method one has to only solve (B15) for all the quasi-bound states.
APPENDIX A Differentiating (14) with respect to
we obtain
From (12) we get = 7T Ai(8)Bi( 7 )(6 -7) Ai (5)Bi ( 7 ).
In obtaining (A2) we have made use of (16) giving
and the following property of the Airy functions:
Bi"(jc) = JcBi(jc).
Similarily, from (13) we get 
where V t is the value of V(x) at the left-most point of the region (point P in Fig. 3) , and x in (Bl) will represent the distance from this point. Thus, the origin (x = 0) will vary from region to region, it being the left-most point of the region except for the first region where the right-most point (point A) will be assumed to be the origin. For further clarity, we may mention that V x and V 2 are potential energies at points A and B, respectively, and that d\ and d N are infinite. Such a structure will not have a bound state but would have a finite number of quasi-bound states. The Schrodinger equation in the /th region is
which can be transformed to the following: 
Using (21), (24), (26), and (A5), we obtain
Bi(a) (a is an arbitrary length, introduced to make X = x/a dimensionless.) The solution of (B3) 
The wave function in the Nth region is
As x (and hence Z N ) tends to +oo in region N, Bi(Z w ) will tend to <x. We must, therefore, put
Without loss of generality we may further assume
With this, one can determine the values of all C, and D, (/ = 1, • • • , N -1) with the help of (BIO) for an assumed value of £ (or E). NOW,JC = -x, = -{V x -E)/a x , represents the turning point where Z, = 0. In the domain -x\ < x < 0 (in region 1), Z ] is positive and decreases to zero at* = -x, (Fig. 3) . It eventually becomes negative for* < -x x . As discussed in the text, for the quasi-bound state we require C,(£) = 0.
The solution of the above equation gives the energy eigenvalues of the quasi-bound states. There may be more than one such state. Denoting one of them by § r we have £ r = 2ma 2 E r /h 2 .
As already discussed, for a single quantum well the ratio (C? + D?)/(C 2 + £>,) in the neighborhood of $ = £ r (where i refers to a region in any of the quantum wells) can be shown to be a Lorentzian. Thus 
Cl + Df
should represent the quasi-bound state energy eigenvalue and the corresponding mean lifetime, respectively. Once £ r is known by solving (B15), C[(£ r ) can be determined numerically by evaluating where e is a sufficiently small number.
